Equivalence between Entanglement and the Optimal Fidelity of Continuous Variable Teleportation 
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We devise the optimal form of Gaussian resource states enabling continuous variable teleportation with max- 
imal fidelity. We show that a nonclassical optimal fidelity of A'^-user teleportation networks is necessary and 
sufficient for A'^-party entangled Gaussian resources, yielding an estimator of multipartite entanglement. This 
entanglement of teleportation is equivalent to entanglement of formation in the two-user protocol, and to Real- 
izable entanglement in the multi-user one. The continuous-variable tangle, quantifying entanglement sharing in 
three-mode Gaussian states, is operationally linked to the optimal fidelity of a tripartite teleportation network. 
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PACS numbers: 03.67.Hk, 03.67.Mn, 03.65.Ud 

Quantum teleportation using quadrature entanglement in 
continuous variable (CV) systems tJJ is in principle imper- 
fect, due to the impossibility of achieving infinite squeezing. 
Nevertheless, by considering the finite quantum correlations 
between the quadratures in a two-mode squeezed Gaussian 
state, a realistic scheme for CV teleportation was proposed 
||2l|3|], and experimentally implemented to teleport coherent 
states with a fidelity up to = 0.70 ± 0.02 |4]. With- 
out using entanglement, by purely classical communication, 
an average fidelity of Td = 1/2 is the best that can be 
achieved if the alphabet of input states includes all coherent 
states with even weig The original teleportation proto- 

col 1 3 ] was generalized to a multi-user teleportation network 
requiring multipartite CV entanglement in Ref. |6]. This net- 
work has been recently demonstrated experimentally by ex- 
ploiting three-mode squeezed Gaussian states, yielding a best 
fidelity of = 0.64 ± 0.02 |7]. The fidelity, which quan- 
tifies the success of a teleportation experiment, is defined as 
!F = where "in" and "out" denote the in- 

put and the output state. JF reaches unity only for a perfect 
state transfer, £<°"* = To accomplish teleportation 

with high fidelity, the sender (Alice) and the receiver (Bob) 
must share an entangled state (resource). The sufficient fi- 
delity criterion |Q] states that, if teleportation is performed 
with > Tci, then the two parties exploited an entangled 
state. The converse is generally false, i.e. some entangled 
resources may yield lower-than-classical fidelities. 

In this Letter we investigate the relation between the fi- 
delity of a CV teleportation experiment and the entanglement 
present in the resource states. We show that the optimal fi- 
delity, maximized over all local single-mode operations (at 
fixed amounts of noise and entanglement in the resource), is 
necessary and sufficient for the presence of bipartite (multi- 
partite) entanglement in two-mode (multimode) Gaussian re- 
sources. Moreover, it allows for the definition of the entan- 
glement of teleportation, an operative estimator of bipartite 
(multipartite) entanglement in CV systems. Remarkably, in 
the multi-user instance, the optimal shared entanglement is 
exactly the localizable entanglement, originally introduced for 
spin systems l^l, which thus acquires for Gaussian states a 
suggestive operative meaning in terms of teleportation pro- 



cesses. In the CV scenario, a recent study on entanglement 
sharing led to the definition of the residual CV tangle, or con- 
tangle as a tripartite entanglement monotone under Gaus- 
sian LOCC for three-mode Gaussian states This measure 
too is here operationally interpreted via the success of a three- 
party teleportation network. Besides these fundamental theo- 
retical results, our findings are of important practical interest, 
as they answer the experimental need for the best preparation 
recipe for entangled squeezed resources, in order to imple- 
ment CV teleportation with the highest fidelity. 

The two-user CV teleportation protocol |3] would require, 
to achieve unit fidelity, the sharing of an ideal (unnormaliz- 
able) Einstein-Podolski-Rosen (EPR) resource state |10], i.e. 
the eigenstate of relative position and total momentum of a 
two-mode radiation field. An arbitrarily good approximation 
of the EPR state is represented by two-mode squeezed Gaus- 
sian states with squeezing parameter r — > cx3. In a CV system 
consisting of N canonical bosonic modes, and described by 
the vector X = {xi,pi, . . . , xjv,pjv} of the field quadrature 
operators [11], Gaussian states (such as thermal, coherent, 
squeezed states) are fully characterized by the first statistical 
moments (arbitrarily adjustable by local unitaries: we will set 
them to zero) and by the 2N x 2N covariance matrix (CM) cr 
of the second moments aij = l/2{{Xi,Xj}). A two-mode 
squeezed state can be, in principle, produced by mixing a 
momentum-squeezed state and a position-squeezed state, with 
squeezing parameters ri and r2 respectively, through a 50:50 
ideal (lossless) beam splitter In practice, due to experimental 
imperfections and unavoidable thermal noise the two initial 
squeezed states will be mixed. To perform a realistic analy- 
sis, we must then consider two thermal squeezed single-mode 
states [12], described by the following quadrature operators in 
Heisenberg picture 



7126 



-S(7 
Pi = 

P2 



Tiie 



Pi ■ 



(1) 
(2) 



where the suffix "0" refers to the vacuum. The action of an 
ideal (phase-free) beam splitter operation on a pair of modes 



i and j is defined as Bij{6) 
where ak = (ifc + ipk)/2 is the annihilation operator of mode 
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k. When applied to the two modes of Eqs. (I1I2> . the beam 
spHtter entangling operation (0 = tt/A) produces a symmet- 
ric mixed state 1 13], depending on the squeezings ri 2 and on 
the thermal noises ni 2- The noise can be difficult to con- 
trol and reduce in the lab, but it is quantifiable. Now, keep- 
ing ni and 712 fixed, all states produced starting with dif- 
ferent ri and r2, but with equal average f = (ri + r2)/2, 
are completely equivalent up to local unitary operations and 
possess, by definition, the same entanglement. Let us re- 
call that a two-mode Gaussian state is entangled if and only 
if it violates the positivity of partial transpose (PPT) condi- 
tion ri > 1 j3- The quantity rj is the smallest symplectic 
eigenvalue of the partially transposed CM, which is obtained 
from the CM of the Gaussian state by performing trasposi- 
tion (time reversal in phase space 1 14]) in the subspace asso- 
ciated to either one of the modes. The CM cr of a generic 
two-mode Gaussian state can be written in the block form 
cr = ^ ^ ^ , where a and f3 are the CM's of the indi- 
vidual modes, while the matrix 7 describes intermodal cor- 
relations. One then has 277^ = S(cr) - ^/S^(cr) - 4Det(T, 
where S(cr) = Det a + Det (3 — 2Det 7 llSll . The parameter 
T] also provides a quantitative characterization of CV entangle- 
ment, because the logarithmic negativity and, equivalently for 
symmetric states (Det ct = Det /3), the entanglement of for- 
mation Ep, are both decreasing functions of ry. For symmetric 
Gaussian states the bipartite entanglement Ep reads >16ll] 

Ep{(t) ^m^x{0, f{r])}, (3) 

With fix) = log - log 

For the mixed two-mode states considered here, we have 

7] = ^/7r[HJe-(''i+''2) . (4) 

The entanglement thus depends both on the arithmetic mean 
of the individual squeezings, and on the geometric mean of 
the individual noises, which is related to the purity of the 
state /i — (nin2)~^. The teleportation success, instead, de- 
pends separately on each of the four single-mode parameters. 
The fidelity (averaged over the complex plane) for teleporting 
an unknown single-mode coherent state can be computed by 
writing the quadrature operators in Heisenberg picture 

T ^ <t> = { [{{Xteir) + 1] [{{Ptelf) + 1] } /4 , (5) 

where {{xteiY) and {{ptei)^) are the variances of the canon- 
ical operators xtei and ptei which describe the teleported 
mode. For the utilized states, we have xtei = x™ — 
\J2nie^'^'^x\ , ptei = + y/2nie^'^^pi , where the suffix 
"in" refers to the input coherent state to be teleported. Recall- 
ing that, in our units 111], ((x^)^) = ((p^)^) = {{x"')^) ^ 
((p*")^) = 1, we can compute the fidelity from Eq. (jSj, ob- 
taining 0(ri,2,rii,2) = e-2('-i+'-2)(e2'-i + ni){e^''^ + ns) . It 
is convenient to replace ri and r2 by f and d= (ri — r2)/2: 

0(f, d, ni,2) = e-4^"(e2(-+'i) + ni)(e2(^-'*) + na) . (6) 



Maximizing the fidelity for given entanglement and noises 
of the Gaussian resource state (i.e. for fixed ni,2,r) simply 
means finding the d = which minimizes the quantity of 
Eq. (|6}. Being (p a convex function of d, it suffices to find the 
zero of d(t>/dd, yielding d°'P^ — i log For equal noises, 
^opt _ indicating that the best preparation of the entangled 
resource state needs two equally squeezed single-mode states, 
in agreement with the results presented in Ref. ] 18] for pure 
states. For different noises, however, the optimal procedure 
involves two different squeezings such that ri — r2 — 2d°P*. 
Inserting d"^^ in Eq. ^ we have the optimal fidelity 

.F°P* = l/(l + ry), (7) 

where 77 is exactly the lowest symplectic eigenvalue of the par- 
tial transpose, defined by Eq. Q. Eq. clearly shows that 
the optimal teleportation fidelity depends only on the entan- 
glement of the resource state, and vice versa. In fact, the fi- 
delity criterion becomes necessary and sufficient for the pres- 
ence of the entanglement, if jF°p* is considered: the optimal 
fidelity is classical for rj > 1 (separable state) and greater 
than the classical threshold for any entangled state. Moreover, 
jropt provides a quantitative measure of entanglement com- 
pletely equivalent to the two-mode entanglement of forma- 
tion, namely (from Eqs. OQ): Ep = max{0, - 
1)}. In the limit of infinite squeezing (f 00), jF^p* reaches 
1 for any amount of finite thermal noise. On the other ex- 
treme, due to the convexity of (j), the lowest fidelity (maxi- 
mal waste of entanglement) is attained at one of the bound- 
aries d — ±7~, meaning that one of the squeezings 7-12 van- 
ishes. For infinite squeezing, the worst fidelity cannot exceed 
1 / -^/maxlTii, 7t2}, falling below 1 /2 for strong enough noise. 

We now extend our analysis to a quantum teleportation- 
network protocol, involving N users who share a genuine 
A^-partite entangled Gaussian resource, completely symmet- 
ric under permutations of the modes Two parties are ran- 
domly chosen as sender (Alice) and receiver (Bob), but this 
time, in order to accomplish teleportation of an unknown co- 
herent state. Bob needs the results of iV — 2 momentum de- 
tections performed by the other cooperating parties. A non- 
classical teleportation fidelity (i.e. T > T'^^ — 1/2) between 
any pair of parties is sufficient for the presence of genuine A^- 
partite entanglement in the shared resource, while in general 
the converse is false (see e.g. Fig.l of Ref. ]6]). Our aim is to 
determine the optimal multi-user teleportation fidelity, and to 
extract from it a quantitative information on the multipartite 
entanglement in the shared resources. We begin by consid- 
ering a mixed momentum-squeezed state described by ri, rii 
as in Eq. Q, and — 1 position-squeezed states of the form 
Eq. (|2}. We then combine the N beams into an A^-splitter 
16]: Ni,„N = BAr_i,w(V4)Sjv-2,JV-i(cos-il/\/3) • 
• ■ • • -Bi,2(cos^^ 1/^/N). The resulting state is a completely 
symmetric mixed Gaussian state of a A^-mode CV system, 
parametrized by 711^2, r and d. Once again, all states with 
equal {7112,7^} belong to the same iso-entangled class of 
equivalence. For f — > cx) and for 711 2 — 1 (pure states), 
these states reproduce the (unnormalizable) CV Greenberger- 
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Horne-Zeilinger (GHZ) fl^ state J dx\x,x, . . . ,x),an eigen- 
state with total momentum zero and all relative positions 
Xi ~ Xj — — 1, . . . ,N). Choosing randomly two 
modes, denoted by the indices k and I, to be respectively the 
sender and the receiver, the teleported mode is described by 
the following quadrature operators (see Refs. UtIi for fur- 
ther details): xtei = Xin - Xrei, Ptel = Pin + Ptot, with 
Xrei = Xk- xi and Ptot = Pk +Pi + fjN J2j^k,i Pi ' where 
gN is an experimentally adjustable gain. To compute the tele- 
portation fidelity from Eq. (|5}, we need the variances of Xrei 
and Ptot- From the action of the A^-splitter, we have 

{{ptotf) = {[2+{N-2)gr,fme-^(^+^^ (8) 
+ 2[5^,-l]2(7V„2)n2e2(^-'^)}/4. 

The optimal fidelity can be found in two straightforward 
steps: 1) minimizing {{ptotY') with respect to qm (i.e. find- 
ing the optimal gain g^*); 2) minimizing the resulting (f> with 
respect to d (i.e. finding the optimal d^*). The results are 

gX - l^N/[{N~2) + 2e''n2ln^] , (9) 
d7 = 7- + log{7V/[(7V-2) + 2e4-"n2/ni]}/4.(10) 

Inserting Eqs. (I8lll0> in Eq. Q, we find the optimal 
teleportation-network fidelity, which can be put in the follow- 
ing general form for N modes 
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For N = 2, ri2 = rj from Eq. @, showing that the general 
multipartite protocol comprises the standard bipartite case. By 
comparison with Eq. 0, we observe that, for any N > 2, the 
quantity rj^ plays the role of a generalized symplectic eigen- 
value, whose physical meaning will be clear soon. Before that, 
it is worth commenting on the form of the optimal resources, 
focusing for simplicity on the pure-state setting (ni_2 = 1). 
The optimal form of the shared A^-mode symmetric Gaussian 
states, for > 2, is neither unbiased in the Xi and pi quadra- 
tures (like the states discussed in Ref. 1 18] for three modes), 
nor constructed by N equal squeezers (ri — r2 — r). This 
latter case, which has been implemented experimentally for 
N = 3 |7|], is clearly not optimal, yielding fidelities lower 
than 1/2 for iV > 30 and f falling in a certain interval |6]. 
The explanation of this paradoxical behaviour, provided by 
the authors of Ref. |6], is that their teleportation scheme might 
not be optimal. Our analysis shows instead that the prob- 
lem does not lie in the protocol, but rather in the employed 
states. If the shared A^-mode resources are prepared (or lo- 
cally transformed) in the optimal form of Eq. ilO\ . the tele- 
portation fidelity is guaranteed to be nonclassical (see Fig^ 
as soon as f > for any N, in which case the considered 
class of pure states is genuinely multiparty entangled I I 7„ .2(11 . 
Therefore a nonclassical optimal fidelity is necessary and suf- 
ficient for the presence of multipartite entanglement in any 
multimode symmetric Gaussian state, shared as a resource for 
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FIG. 1: Optimal teleportation fidelity of coherent states from any 
sender to any receiver chosen from N (= 2, 3, 4, 8, 20, and 50) par- 
ties, using pure TV-party entangled symmetric Gaussian resources. 
The optimal fidelity is nonclassical for any A'^, if the initial squeez- 
ings are adjusted as in Eq. <10> . At fixed entanglement, states 
produced with all equal squeezers yield nonclassical fidelities for 
TV > 30 (see Fig.l of Ref. 1 6]). In the inset we compare, for TV = 3 
and a window of average squeezing, the optimal fidelity (solid line), 
the fidelity with unbiased states 1 18] (dashed line), and the fidelity 
with equally squeezed states |6] (dotted line). The three curves are 
close, but the optimal preparation yields always the highest fidelity. 



CV teleportation. On the opposite side, the worst preparation 
scheme of the multimode resource states, even retaining the 
optimal protocol (gN — ffjv*)' obtained setting ri = if 
ni > 2n2e^^/{Ne^^ + 2 - TV), and r2 = otherwise. For 
equal noises (ni — 712), the case ri = is always the worst 
one, with asymptotic fidelities (in the limit f ^ 00) equal to 
1/ 



'I + TVni.2/2, so rapidly dropping with TV at given noise. 
The meaning of "qj^, crucial for the quantification of the 
multipartite entanglement, stems from the following argu- 
ment. The teleportation network |6] is realized in two steps: 
first, the TV — 2 cooperating parties perform local measure- 
ments on their modes, then Alice and Bob exploit their re- 
sulting highly entangled two-mode state to accomplish tele- 
portation. Stopping at the first stage, the protocol describes a 
concentration, or localization of the original TV-partite entan- 
glement, into a bipartite two-mode entanglement |6, 17]. The 
maximum entanglement that can be concentrated on a pair of 
parties by locally measuring the others, is known as the local- 
izable entanglement (LE) of a multiparty system ||^. Here, 
the LE is the maximal entanglement concentrable onto two 
modes, by unitary operations and nonunitary momentum de- 
tections performed locally on the other TV — 2 modes. The 
two-mode entanglement of the resulting state (described by 
a CM (Tioc) is quantified in terms of the symplectic eigen- 
value rjioc of its partial transpose. Due to the symmetry of the 
original state and of the protocol (the gain is the same for ev- 
ery mode), the localized two-mode state is symmetric too. It 
has been proven 1 15] that, for two-mode symmetric Gaussian 
states, the symplectic eigenvalue 77 is related to the EPR cor- 
relations by the expression Arj = {{xi — ^2)^) + {{pi +P2)^)- 
For the state ctioc, this means 47/;oc = {{xreiY) + {{ptotY), 
where the variances have been computed in Eq. (|8j. Mini- 
mizing rjioc with respect to d means finding the optimal set 
of local unitary operations (unaffecting multipartite entangle- 
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ment) to be applied to the original multimode mixed resource 
described by {ni,2,r,d}; minimizing then rjioc with respect 
to 5jv means finding the optimal set of momentum detections 
to be performed on the transformed state in order to localize 
the highest entanglement on a pair of modes. From Eq. (|8}, 
the optimizations are readily solved and yield the same op- 
timal and d^* of Eqs. ( 1911 0> . The resulting two-mode 
state contains a localized entanglement exactly quantified by 
the quantity 7]°^^ — rji^. It is now clear that rj^ of Eq. (lilt is 
a proper symplectic eigenvalue, being the smallest one of the 
partial transpose of the optimal two-mode state that can be ex- 
tracted from a iV-party entangled resource by local measure- 
ments on the remaining modes. Eq. (II U thus provides a bright 
connection between two operative aspects of multipartite en- 
tanglement in CV systems: the maximal fidelity achievable in 
a multi-user teleportation network |6], and the LE 1 8]. 

This results yield quite naturally a direct operative way to 
quantify multipartite entanglement in A^-mode (mixed) sym- 
metric Gaussian states, in terms of the so-called Entanglement 
of Teleportation, defined as the normalized optimal fidelity 

I ^opt 



0, 



N 



max < 0, 



1 



- Vn 



(12) 



and thus ranging from (separable states) to 1 (CV GHZ 
state). A homonym but different concept has also been in- 
troduced for discrete variables I21I1 . The localizable entan- 
glement of formation Ep"^ of TV-mode symmetric Gaussian 
states is a monotonically increasing function of Et, namely: 
£:j,°= = /[(l-i;T)/(l+£;T)], with /(x) defined after Eq.(|3i. 
For N = 2 the state is already localized and Ep'^ = Ep. 

Remarkably for three-mode pure (symmetric) Gaussian 
states, the residual contangle E^, a tripartite entanglement 
monotone under Gaussian LOCC that quantifies C V entangle- 
ment sharing |9], is also a monotonically increasing function 
of Et, thus providing another equivalent quantitative charac- 
terization of genuine tripartite CV entanglement. In formula: 

2 2^Et-{Et + 1)^ El + l 



Er = log" 



Ei,+i 



(ET-l)y/ET{ET+4) + l 2 ET{ET+i) + l ' 

This finding suggests an experimental test, in terms of optimal 
fidelities in teleportation networks f7], to verify the promiscu- 
ous sharing of tripartite CV entanglement in pure symmetric 
three-mode Gaussian states, discovered in Ref. |@]. 

Whether an expression of the form Eq. il2\ connecting Et 



to the symplectic eigenvalue tjn remains true for generalized 
teleportation protocols j3l and for nonsymmetric entangled 
resources, is currently an open question. However, nonsym- 
metric Gaussian states are never optimal candidates for com- 
munication protocols, as their maximum achievable entangle- 
ment decreases with increasing asymmetry fl^ . and therefore 
they are automatically ruled out by the present analysis. 
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